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II. A Model of Probabilistic Voting

1. Local Public Goods

Consider a society with J distinct groups of identical individuals. Group

3 ,7 has population size N, ZN7=N, where N is the size of the
entire population. Individuals in group j have the quasi-linear preferemces

over private and publicly provided goods
wi=dtHgh, M

where of denotes the consumption of private goods and g' is the per capita
supply of a publicly provided geod. H(+) is an increasing and concave
function with H(0) =0. ¢’ benefits group ;j only and must be publicly
provided in an equal amount per capital) Individual income is equal in all

T=y. A unit of income or private consumption can be costlessly

groupsi ¢
converted into one umt of any of the J publicly provided goods, and
taxation is limp sum. This model can be interpreted in a mumber of ways
groups can be defined by their preferences, occupation, age, or geographical
location. Of course, however, we are here mainly concerned about the case
where geographical location defines distinct groups

As a normative benchmark, consider the utilitarian optimum, obtained by

maximizing the Benthamite welfare function, Z,N 7w/, subject to the resource

1) We coud easily add some exteradities of the publicly provided good oato other groups,
at the cost of addifional algebraic complexity,




[image: image3.png]constraint Z;N7(g"+¢’) =Ny, The resulting allocation is just to set g’

3 ,7 such that the marginal benefit of ¢’ equals the marginal cost of

ity H'(g")—1=0. The optimal levels of ¢ are all the same acrass the
groups, and will be denoted as g*

Assume that all publicly provided goods are financed out of a common

pool of tax revenues. The policy instuments are the vector §=(¢") of
publicly provided group-specific goods and a common lump sum tax T,
which are always subject to the budget constraint Nr=SNig’. Now,
individuals in group j have the policy preferences

— 5, (N*/N)g* + H(g") @

wig) T+H(g)

2. Electoral Competition
There are two office-motivated political parties, P =4, B. Before the

election, both parties noncooperatively commit themselves to specific policy

platforms, ga and gz After the election, the winning party implements its
announced policy platform. Parties also differ in another dimension,
umrelated to the announced policies at hand. We refer to this dimension as
"ideology," although it could also involve other features, such as the
personal characteristics of the party's leadership.

Voter's preferences reflect this ideological differsnce among parties: each
voter has an "ideological bias' for or against party 5. Specifically, member

@ of group j has the extended utility function

Wi(g)+ (0" +6)Ds [©)

where Dy takes a value of unity if party B wins the election and zero




[image: image4.png]otherwise. Further, o is an individual-specific parameter and 4 is a random
variable capturing the party preferences of the whole population. Thus two
features distinguish individuals: the group to which they belong, indexed by
J, and their individual party bias, o7, Individuals with o> 0 (<0) have a
bias in favor of (against) party B. Individual party bias is distributed within
each group according to a uniform distribution on the interval

[~ 1/2¢ + o7, 1/2¢7+ 7] . That is, the distribution of o7 for all i belonging

to group j has mean o' and density ¢. Next, we assume that the random

variable & has a uniform distribution on [~ 1,/2¢,1/2¢ ]2 The realization of

§ is unknown to the parties when announcing their policy platforms, so that

the election outcome is uncertain from their point of view.

3. Political Bauilibrium

Equations (2) and (3) imply that voters in group j supporting party A all
have Wi(ga)>Wi(gs)+o"+6 or o¥< Wi(g)— Wi(g)—5. Let us
identify the swing voters in group j as the voter who, given the parties’
platforms, is indifferent between the two parties. Swing voters toss a coin

when deciding how to vote. We denote swing voter's party bias as

(94,95, 8) = W (9a) = W(g2) =& @

Voters in group j with 07 < o’ (gy g5, 8 )vote for party 4. Thus, party 4's

vote share in group j is ¢*[07(ga, gs, §)—o' + 1/2¢7], and party 4's vote

share as a whole is

2) These special distributionsl assumptions regardicg 0¥ and & faclitates a simple
dlosed-form solution We discuss below how to generalize these distributional assumptions,
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The two parties simultaneously and noncooperatively choose their
platforms so as to maximize the probability of winning the election. From
the perspective of both parties, the electoral outcome is a random event,
related to the realization of 6. By the distributional assumptions,3 party 4's

probability of winning can be written as

= 1/2)= Probls <45, ¢/ [W9(5) = W Ga) =)

=g+ 5 viE)

Wigs) =o'l ®

where ¢ = S(N7/N)# is the average density of party bias across groups
Party A sets its platform ga so as to maximize p,, taking party B's

platform gz as ziven. Remembering the expression for Wi(g ) ziven in (2),

this problem reduces to maximizing 5 (N7/V)¢f [y—7+H(g')] sublect to

the budgst constraint 7= ,(N */N) *. From the first-order conditions, we

have

@

v =5 e 2= 2

Party B faces effectively the same decision problem. Specifically, this

8) We assume that the distibutions of o¥ and § are such that we can rule out coraer
salufions,




[image: image6.png]optimization problem does not include any party-specific variables. Thus, a
Nash equilibrium involves identical policy platforms, ga = ga. By (4), this

implies 07(ga,gs, )= — 8. In equilibrium, therefore, swing voters in each
group have all the same bias, —4, in favor of or against party B, and both

parties announce the same platform g that satisfies (7).

4. More General Distributional Assumptions

Assume more genmerally that the individual pary bias, 0¥ in (3), has
distribution function, #7(+ ), and the random variable capturing the party
preferences of the whole population, 5, has distribution function, D( - )

Now, party 4's vote share as a whole becomes

" w72, ) = B F 0 2, )
N pirwics, i 3
=5y FIWiga)— Wilgs) -8l ©
And, party 4's probability of winning the election is p, = Probr, = 1/2]
Let 6%(gs, gs) denote the valie of & that satisties (g, gs,8)=1/2

That is, §*(ga,gs) is the watershed value of & such that §<8%(ga, ga)

implies party A's victory, and §>8%(gy,g5) party B's victory. Then, we

have
4= Problm, = 1/2]=Prob[f <0 (4, 52)]=D[0"(Gw 9a)]. (6

Since D(+) is increasing, mazimizing ps is equivalent to mazimizing




[image: image7.png]5°(ga, gs). The first-order conditions for the party 4's problem of setting

g4 50 as to maximize 8%(gy 75), taking party B's platform gz as given, are

89(ga 9)/395 =0, 5=1,.., . Since 74 (ga g5, (ga,95) )=1/2 holds for

all valies of ga and gz by definition of §(gs,gs), we have

oy
gk

omq 95°
5 od

=0. These two equations imply &m,/8g =0 or the

following relations:4)

ey = 5 (g7 = 3
FH(G) =R HlgY= D
where f/, the density function corresponding to F/[Wi(ga)— W (gs) — 81,
and f= Z,(W/N)f’, the average density of party bias across groups, are
evaluated at the values of ga which maximize p, taking gg as siven, and §

is evaluated at (g, gz)

Since party B faces a symmetric problem, ga= gz holds in a Nash
equilbrinm. Thus, ’(gu,gs, 8)= — 6 in equilbrium by (4). Also, by ),
(G0, 75) becomes 0% which satisties (g, 75, 8% ) = 5 (VY/N)FI(—6%)
=1/2. In eqilibrium, therefore, H'(g%)= f(— &*)/f(— 5*)holds. The
following figure shows the sitnaion where J=4. If § turns out to be

smaller (larger) than the watershed valie &%, then party 4's vote share,

4) We have Omy/Bg] =0 T(NY/M)FI] y— 5, (N"/N)g" + H{g") = Wig;) — 61/00 by
5) and (2). To avoid notational confusions, it would be coavenieat to get the first order
conditions 1o the problem of maxinizig 3, (N/N)F [y— 7 + H(g')— Wi(gs) 8 |
subject to 7= Z,(I*/N) g, instead of calculatiog Om,/5g] = 0 directly,
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